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1 Introduction 



Two-dimensional integrable systems in statistical mechanics and quantum field theory have been a 
subject of high importance in the last decades. In particular, systems of statistical mechanics with 
short range interactions are believed to be conformally invariant at criticality pQ with significant 
implications in two-dimensions [3] . More recently, a variety of integrable structures has emerged 
in the context of AdS/CFT correspondence [I] in both sides of the duality. In the pioneer work 
[5], Minahan and Zarembo showed that the planar one-loop matrix of anomalous dimensions for a 
class of gauge invariant operators in the N = 4 Super Yang-Mills corresponds to the Hamiltonian 
of an integrable spin chain, which was latter generalized to all gauge invariant local operators in 
[6]. Furthermore, in the string theory side of the correspondence, it was shown by Bena, Polchinksy 
and Roiban [7] that the classical string theory sigma model on AdS^ x S 5 is also integrable with 
evidences of integrability persisting at the quantum level [8] . 

Integrability in classical vertex models and quantum spin chains is intimately connected with 
solutions of the Yang-Baxter equation [9] . This equation plays a central role in the Quantum Inverse 
Scattering Method which provides an unified approach to construct and study physical properties 
of integrable models |1Q|. Illj. Usually these systems are studied with periodic boundary conditions 
but more general boundaries can also be included in this framework as well. Physical properties 
associated with the bulk of the system are not expected to be influenced by boundary conditions 
in the thermodynamical limit. Nevertheless, there are surface properties such as the interfacial 
tension where the boundary conditions are of relevance. Moreover, the conformal spectra of lattice 
models at criticality can be modified by the effect of boundaries |12j . 

Integrable models with open boundary conditions are also of interest in the context of 
AdS/CFT correspondence. Besides single trace operators, the gauge theory also contain bary- 
onic operators, i.e. the so-called giant gravitons, corresponding to D-brane excitations in the string 
counterpart [13] . Such D-branes can appear in several circumstances |14[ [T5[ [T6] and Berenstein 
and Vazquez have shown that the one-loop mixing of non-BPS giant gravitons can be described 
within the paradigm of integrable spin chains with open boundary conditions |16| . 

Integrable systems with open boundary conditions can also be accommodated within the 
framework of the Quantum Inverse Scattering Method |17j . In addition to the solution of the 
Yang-Baxter equation governing the dynamics of the bulk there is another fundamental ingredient, 
the reflection matrices |18] , These matrices, also referred as X-matrices, represent the interactions 
at the boundaries and compatibility with the bulk integrability requires these matrices to satisfy 
the so-called reflection equations [T7J [18] . 
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At the moment, the study of general regular solutions of the reflection equations for vertex 
models based on g-deformed Lie algebras [HH ED] has been successfully accomplished. See [2T] 
for instance and references therein. However, this same analysis for vertex models based on Lie 
superalgebras are still restricted to diagonal solutions associated with the U q [sl(m\n)] [22j[23] and 
U q [osp(2\2)] symmetries [24J and non-diagonal solutions related to super- Yangians osp{m\n) [25] 
and sl{m\n) [261 EZ]. 

The aim of this paper is to start to bridge this gap by presenting the most general set of 
solutions of the reflection equation for the U q [sl(r\2m)^] vertex model. This paper is organized as 
follows. In the next section we present the .R-matrix of the U q [sl(r\2m)^] vertex model in terms 
of standard Weyl matrices. This step paves the way for the analysis of the corresponding reflection 
equations and in the section 3 we present what we hope to be the most general set of iT-matrices. 
Concluding remarks are discussed in the section 4, and in the appendices A and B we present 
special solutions associated with the C/g[s£(l|2)( 2 )] and U q [sl(2\2)^] cases respectively. 

2 The U q [sl(r\2m)^} vertex model 

Classical vertex models of statistical mechanics are nowadays well known to play a fundamental 
role in the theory of two-dimensional integrable systems [9]. In this sense, it turns out that a 
i?-matrix satisfying the Yang-Baxter equation gives rise to the Boltzmann weights of an exactly 
solvable vertex model. The Yang-Baxter equation consist of an operator relation for a complex 
valued matrix R : C — > End (V (8> V) reading 

Ri2(x)Ri 3 (xy)R 2 3(y) = Rz3(y)Ri3(xy)Ri 2 (y), U) 

where Rij(x) refers to the i?-matrix acting non-trivially in the ith and jth spaces of the tensor 
product V (8> V (g> V and the complex variable x denotes the spectral parameter. Here V is a finite 
dimensional Z 2 graded linear space and the tensor products appearing in the above definitions 
should be understood in the graded sense. For instance, we have [A ® Bffi = A%B](-1)(p<*+pp^ 
for generic matrices A and B. The Grassmann parities p a assume values on the group Z 2 and enable 
us to distinguish bosonic and fermionic degrees of freedom. More specifically, the ath degree of 
freedom is distinguished by the Grassmann parity 

f for a bosonic 

Pa = ■ (2) 

I 1 for a fermionic 

An important class of solutions of the Yang-Baxter equation (fTJ) is denominated trigonometric 
i?-matrices containing an additional parameter q besides the spectral parameter. Usually such R- 
matrices have their roots in the U q [Q] quantum group framework, which permit us to associate 
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a fundamental trigonometric i2-matrix to each Lie algebra or Lie superalgebra Q |19l [20| I28j . In 
particular, explicit i?-matrices were exhibited in [291 [3"U] for a variety of quantum superalgebras 
in terms of standard Weyl matrices, providing in this way a suitable basis for the analysis of the 
corresponding reflection equation. 
The U q [sl(r\2m)( 2 ^] invariant i?-matrices are given by 

N N 

R(x) = '^2(-l) Pa a a (x)e aa <3e aa + b(x) e m g)e w 



a = l 



a, 0=1 



N 



+c{x) (-l) pap0 ep a ®e a p + c(x) ^ (-l) PaV0 ep a ® e af3 



a, /3=1 



a, = 1 

a>f3,a^/3' 



N 



(3) 



a,/3=l 

where N = r + 2m is the dimension of the graded space with r bosonic and 2m fermionic degrees 
of freedom. Here a' = N + 1 — a corresponds to the conjugated index of a and e Q/ g refers to a usual 
N x N Weyl matrix with only one non-null entry with value 1 at the row a and column (5. 

In [31] it was demonstrated that the use of an appropriate grading structure plays a decisive 
role in the investigation of the thermodynamic limit and finite size properties of integrable quantum 
spin chains based on superalgebras. In what follows we shall adopt the grading structure 

{1 for a = l,...,m and a = r + m + 1, . . . , r + 2m 
for a = m + 1, . . . , r + m 
and the corresponding Boltzmann weights a a (x), b(x), c(x), c(x) and d a g(x) are then given by 

a a (x) = (i-O^ 1 ^'-^") 
c(A) = (l-g 2 )(x-C) 



(4) 



b(x) = q(x — l)(x — C) 
c(x) = x(l — q 2 )(x — Q 



d a ,p{x) 



( q(x - l)(x - () + x(q 2 - - 1) 
{x - 1) [(x - C)(-l) Pa q 2pa + x{q 2 - 1) 
(I 2 ~ 1) 

(q 2 - l)x 



C(x-l)-q ta -^ -d a ^(x-() 
(x-lf-^q^-S^ix-O 



a = (3 = (3' 
a = f3^(3' 
a<(3 ( 5 ) 

a > (5 



N + 1 



where C, = — q r 2m . The remaining variables e a and t a depend strongly on the grading structure 
considered and they are determined by the relations 

. . Pa 

(-1)" l<a< 

1 a 

(-1)^ — 1 n < A' 



AT+1 



(6) 



JV + 1 



a + 



N+l 
2 



a 



l-Pa + 2 



1 < a < 



N+l 



a 



N+l 



(7) 



I -Pa + 2 PP 



The i?-matrix ©-([7]) satisfies important symmetry relations, besides the standard properties 
of regularity and unitarity, namely 



PT-Symmetry: R 21 (x) = #f 2 lS * 2 {x 

Crossing Symmetry: R^ix) 



T #zir^< 2 (^v i )^r 1 , 



where the symbol stk stands for the supertransposition operation in the space with index k. In 
its turn p(x) is an appropriate normalization function given by p{x) = q(x — l)(x — C) and the 
crossing parameter is r\ = At this stage it is convenient to consider the U q [sl{2n\2m)^ > ] and 
the C/ g [s/(2n + l|2m)( 2 )] vertex models separately and their corresponding crossing matrix V is an 
anti-diagonal matrix with the following non-null entries V / , 



U g [s/(2n|2m)( 2 )]: 



(-1) 2 q 



a-l \ 
a-l+Pi-p n -2y^p /3 
/3=1 J 



N 



K-i) 

U q [sl{2n+ l|2m)( 2 )]: 



1+Pq 



a-l 

0=2 



iV 



+ 1 < a < N 



V / 



1) 2 Q 



(-1) 2 ^ 



a-l \ 
l+Pi-p Q -2^p /3 

/3=i y 



1< a < 



iV-l 



iv-i \ 

2 1 



-1— pi' 



-p a -2 pp 



(3=2 



I 



( ^ \ 

a-2-pi-p a -2 

V /3=2 / 



a: 



jV+1 



+ 1 < Q < N 



(8) 



(9) 



In the next section we shall investigate the possible regular solutions of the graded reflection 
equation for the U q [sl(r\2m)^] vertex model. 
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3 The U q [sl{r\2m)^] reflection matrices 

The construction of integrable models with open boundaries was largely impulsed by Sklyanin's 
pioneer work [T7j. In Sklyanin's approach the construction of such models are based on solutions 
of the so-called reflection equations [181 [T7] for a given integrable bulk system. The reflection 
equations determine the boundary conditions compatible with the bulk integrability and it reads 

R 21 (x/y)K^{x)R l2 {xy)K^(y) = (y)R 21 (xy)K^ (x)R 12 (x/y), (10) 

where the tensor products appearing in (jl(J|) should be understood in the graded sense. The matrix 
K ~ (x) describes the reflection at one of the ends of an open chain while a similar equation should 
also hold for a matrix K + (x) describing the reflection at the opposite boundary. As discussed in 
the previous section, the U q [sl(r\2m)^] i?-matrix satisfies important symmetry relations such as 
the PT-symmetry and crossing symmetry. When these properties are fulfilled one can follow the 
scheme devised in |23} [32] and the matrix K~{x) is obtained by solving the Eq. (|10p while the 
matrix K + (x) can be obtained from the isomorphism K~(x) i— > K + (x) st = K~ (x~ 1 7]~ 1 )V st V . 

The purpose of this work is to investigate the general families of regular solutions of the 
graded reflection equation (I10p . Regular solutions mean that the K-matrices have the general form 

N 

K~(x) = ^ k a,p( X ) e«/3, (11) 
a,f3=l 

such that the condition /c Q!/ g(l) = 5 a ^ holds for all matrix elements. 

The direct substitution of (fTTj) and the U q [sl(r\2m)^] i?-matrix (J3|)-([7|) in the graded reflec- 
tion equation (|10p . leave us with a system of iV 4 functional equations for the entries k a ^(x). In 
order to solve these equations we shall make use of the derivative method. Thus, by differentiating 
the equation (fTUj) with respect to y and setting y = 1, we obtain a set of algebraic equations for 
the matrix elements k a ^ (x) . Although we obtain a large number of equations only a few of them 
are actually independent and a direct inspection of those equations, in the lines described in |21j . 
allows us to find the branches of regular solutions. In what follows we shall present our findings for 
the regular solutions of the reflection equation associated with the U q [sl(r\2m)^] vertex model. 
We have obtained four families of diagonal solutions and twelve families of non-diagonal ones. 
The special solutions associated with the cases U q [sl{l\2)W] and U q [sl{2\2)^} are presented in the 
appendices A and B respectively. 
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3.1 Diagonal solutions 



The diagonal solutions of the graded reflection equation (I10p is characterized by a i^-matrix of the 
form 

N 

K~{x) = s ^k a>a {x)e aoi . (12) 

a=l 

We have found four families of diagonal K-matrices for the U q [sl(r\2m)^] vertex model that we 
shall refer as solutions of type T>±, T>2, T>% and P4. 

• Solution D\i Solution with only one free parameter Q. 

( nix- 1 - 1) + 2 



ka,a (^) 



Q(x-l) + 2 



1 



n(l - xq 2 () - 2 
[ X n(x-q 2 ()-2x 



a = 1 
a = 2,...,N -1 . 

a = N 



(13) 



Solution T>i'- Family formed by m solutions without free parameters and characterized by 
the label p assuming discrete values in the interval 2 < p < m + 1. 



x + nq 2p - 3 ^ 
x- 1 + Kq 2 P- 3 ^/( 



a = 1, . . . ,p — 1 

a = p, . . . ,N + 1 — p 

a = N + 2-p,...,N 



Here and in what follows, n is a discrete parameter assuming the values ±1. 



(14) 



Solution D3: Solutions valid for r > 4 which does not contain free parameters. The discrete 



label p can assume values in the interval m + 2 < p < 



JV+l 



x + Kq 4m+1 - 2 P^/C 
x- 1 + nq im + l - 2 'P ^/Q 
x 2 



a = 1, . . . ,p — 1 



a = p, ...,iV+l — p 
o: = iV + 2-p,...,iV 



(15) 



Solution D4: Class of solution valid only for r = 2n (n > 1) with one free parameter O. 



r 1 



n(x- 1) + 2 

^(x- 1 - 1) + 2 
^(x-^C" 1 ) -2s' 
_fi(l-xg 2 C _1 ) -2. 



a = 1, . . . , n + m — 1 
a = n + m 

a = n + m + 1 

a = n + m + 2, . . . , N 



(16) 
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3.2 Non-Diagonal Solutions 



Here we shall focus on the non-diagonal solutions of the graded reflection equation (llOp . We have 
found twelve classes of non-diagonal solutions that we refer in what follows as solutions of type A/i 
to type A/12. 

• Solution J\f±: 

The solution of type A/i is valid only for the U q [sl(r\2)^] model and the i^-matrix has the following 
block structure 



K~(x) 



( k lt i(x) Q lxr k ljN (x) \ 

O rxi Ki(s) O rxi 
\k N>1 {x) Olxr k N>N {x) J 



(17) 



where O aX fe is a a x b null matrix and 



x 2 -( 

i-C 



(18) 



Here and in what follows l a xa denotes a a x a identity matrix and the remaining non-null entries 
are given by 

1 



h,i(x) 
k N> i{x) 

where VL is a free parameter. 



1 



2C (x 2 - 1) 

(i-C) 2 o 



k 1>N {x) = ^l{x 2 - 1) 

kN,N(x) = X 2 , 



(19) 



• Solution M2' 

The C/,j[,s/(r|4)( 2 )] vertex model admits the solution M 2 whose corresponding JC-matrix has the 
following structure 



K~{x) 



I k\^{x) k lt2 (x) 

k2,i( x ) k 2>2 (x) 

O rx2 IK 2 (x 
k N - 1A (x) k N _ 1)2 (x) 

k N i(x) k Nt2 (x) 



2xr 



2xr 



ki )N -i(x) h tN (x) \ 
k 2 ,N-i(x) k 2>N (x) 

®rx2 

kN-l,N~l(x) kjsr-i,N(x) 
k N , N -i(x) k NN (x) ' 



where M, 2 (x) = k^^{x)l rX r- The non-diagonal entries can be written as 



(20) 



k\, 2 {x) 
ki tN -i(x) 

k 2 ,N-i{x) 



Q 1)N -±Gi(x) 

^2,l^l,N 



k 2 ,i(x) = £l 2) \Gi(x 

k N -lA(x) 



2 Oi 2^2,1^ , 
C-ft -Giix 



n 



1,2 



Gi(x)H(x) 



kN-l,2( X ) 



2 / -^l,2^2,l^l,AT 



X- 



Q 2 



G x (x)H(x) 



h,N(x) 
k N i(x) 



n 



1.2 



xG 2 (x) 



^1,AT-1 
7 C" 



xG 2 {x) 



G 1 {x)H(x) 



kN,2(x) = 
kN,N-l{x) 



q 2 (F r Q2,iQi,N 



n 2 



xG 2 (x) 



N 



n 2 

and the auxiliary functions are given by 

<z 2 Cr r fti 



^1,2^1,W-1 

h,N(x) = Qi } n(x - 1), 



xG 2 (x) 



G x {x) 
G 2 (x) 
H(x) 



N 



fil,2^1,JV-l 
^1,2^1,AT-1 



r "1JV 



(x — 1) + x — q 2 ( 
(x — 1) + x — q 2 Q 



x — 1 

x 2 — q 2 C 
x-1 

x 2 — q 2 C ' 



tli^^N-iix 2 - q 2 () 



and 



[-q 2 (T r n liN (x - 1) + fii, 2 fii,.!\r-i(a; - g 2 C)] 

^2,1^1, AT 2 



r, 



With respect to the diagonal matrix elements, we have the following expressions 



h,i(x) 



q 2 <n hN r 2 



(1 - q 2 (x) - (x - q 2 C) 



+ 



^l,2^1,7V-l 
2(1 + q 2 Q 2 x - 4q 2 ((x 2 + 1) 
(l-g 2 C)(x-l) 



^l,2^1,AT-l _ ^2,1^1,7V 
(X-1) 



(i + g 2 C) 



(x + l)(x 2 - q 2 Q 



where 



k 2 ,2{x) 
kN-l,N-l(x) 

k N>N (x) 

Al(x) : 
A 2 (X) : 



k\,l(x) + ^2,2^1 (x) 

A;i,i(x) + 3 ,3Gi(x) + Ai(x) 

^3,3 (») + (£In-i,n-i - ^3,3) xG 2 (x) + A 2 (x) 

kN-l,N-l(x) + (£In,N - ^N-l,N-l) xG 2 (x), 



n 



2.1 



n 



1,N-1 



x + 



q 2 (T r n ltN 
^1,2^1JV-1 



(x - l) 2 
(x 2 — q 2 () 



N 



q 2 (n h2 n hN _ 



-Ai(x) 



(21) 



(22) 



(23) 



(24) 



(25) 



The diagonal entries (|24p depend on the variables which are related to the free parameters 
^1,2) ^2,1, Qi,N-i an d &i,n through the expressions 

^l,2^1,JV-l T-i 



^2,2 
^3,3 



^1,2^1,AT-1 



n 



JV-lJV-l 



2 H — f(r r 



A 



+ 



l,iV 



i-9 2 C 



= 2 + 



A? 



Oi2^ 



1JV-1 



(26) 
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Solution A/3: 



This class of solution is valid for the U q [sl(r\2m)^] vertex model with m > 3 and the corresponding 
X-matrix possess the following general form 

I fel,l(x) ••• fel, m (x) h,r+rn+l(x) ••• k ljN (x) \ 



&m,l(x) "•• fcm,m(x) 

^V+m+l,l(x) ••• Av+m+l,m(x) 



rxm xrrt 



^m,r+m+l(x) ■•• k m ^{x) 
k r +m+l,r+m+l{x) ... &V+m+l,iv(x) 



V 



k N ,i(x) ■■■ k Ntm (x) 
where IK^x) is a diagonal matrix given by 

K 3 (x) = fe m +l, m +l(x) Irxr- 

With respect to the elements of the last column, we have the following expression 

k a ,N(x) = — <7* a_tl Oi Q 'xG(x) a = 2,...,m and 

a = r + m + l,...,7V — 1, 

where G(x) = x — 1. In their turn the entries of the first column are mainly given by 



(27) 



(28) 



(29) 



In the last row we have 



e 2 &'1,JV-1 



q = 3, . . . , m and 
a = r + m+l,...,N — 1. 

a = 2, . . . , m and 

a = r + m + l,...,iV — 1, 



(30) 



(31) 



while the elements of the first row are ki >a (x) = Qi j0l G(x) for a = 2, . . . , m and a = r + m + 



1,...,7V-1. 



Concerning the elements of the secondary diagonal, they are given by 

h-t , £ i (! - K( lVC) 2 ^Lv/ m /x / / 
-j — G(x)Hf{x) a = 2, . . . ,m , a 7^ a 

a = r + m + l,...,JV-l, (32) 



ka,a' (x) 



e a / (g + l) 2 fli 



v 



while the remaining entries ^^(x) and kjy,i(x) are determined by the following expressions 

&i,jv(x) = VLi >N G(x)H f (x) 



k N> i(x) 



' ' 1 *--*^lG(. W .) 



£2 



(33) 



"l,N-l 



Wlth Hf{x) = T^wT 

The remaining matrix elements k a ^{x) with a / (3 are then 



2(-l)™ 9 ™- 2 (l - k^VC) 



s) 



1,N-1 



(1 + /V^(«9 m_1 v^+ (-i) m )(«9 m \/£ + (-i) m ) ^1,JV 
-2Cg m - 1 (g + l) 2 



a < 2<a,(3<N-l 
a> 2 < a, / - V 1 
G{x) a = 2, (3 = 1 



-G{x) 



a = 1, (3 = m 



and the parameters f2i iQ are constrained by the relation 

^l,iV-a 



1,Q 



-0 



i,a+i; 



a = 2, . . . , m — 1. 



^l,AT+l-a 

With regard to the diagonal matrix elements, they are given by 

2X _ £Wl,m+A r( s Aj(x) + A 2 (x) 

x 2 -l ar+l x 2 -l 



(34) 



(35) 



a = 1 
2 < a < m 
a = m + 1 



fcl,lOc) + ^a,aG(x) 

k 1A (x) + O m+ i im+ iG(x) + Ai(x) 

k m +l, m +l(x) + (^r+m+l,r+m+l ~ ^m+l,m+l) xG(x) + A 2 (x) a = V + m + 1 

k a -i t a-i(x) + (J2 Q;Q - fi a -i,a-i) xG(x) r + m + 2<a<N - 1 

, X 2 /Ci 5 i(x) Q = iV 



(36) 



where 



2(x- l) 2 



Al{X) (l + KVC)(^" 1 - 1 V / C+(-l) m )(^ m V / C + (-l) m )' 

A 2 (x) = k^-^A^x). 
In their turn the diagonal parameters fl a ,a are fixed by the relations 

( a-2 



(37) 



A 



k=0 

q (-l) m 1 1 + Ky^ ' 

9 + 1 g m " 2 (g + 1) 2 kv 7 ^ 

JV-a-l 

2- K q^A m (-?)* 
k=0 



with 



A™. = 



2(-i) m ( r- 2 (i+g) 2 Kvc 



2 < a < m 

a = m + l (38) 
r + m+ I < a < N - 1 

(39) 



(1 + K V / C)(^ m - 1 V / C+ (-l) m )(^ m V / C+ (-1)™)' 

The class of solution A/3 has a total amount of m free parameters namely fii jr+m+ i, . . . , Ui : n- 



10 



Solution A/4: 



This family of solutions is valid only for the U q [sl(2\2m)^] vertex model and the corresponding 
if -matrix has the following block structure 

f fei j i(x)I mX m. 



K~{x) = 



"2xm 



\ 



"mxm 

The non-null entries are given by 



»mx2 

k m+ i >m+ i{x) k m+ i ;m+2 {x) 

k m +2,m+l{x) k m+ 2- m +2{x) 
Omx2 



»2xm 



h,i(x) 



k 



m+l,m+l 



k 



m+2,m+l 



(x) 



(X) 



x 2 — ( 
2 x{x 2 - 1)C 
fi(l-C)(s 2 -C) 



kN,N(x) = X 2 
k m +l,m+2{x) : 



k NyN (x)I mxm J 



n x (x 2 -i)(i-c) 



C 



m+2,m+2 



(X) 



x 2 (l-Q 

c 



X* 



(40) 



(41) 



where Q, is a free parameter. We remark here that this solution for m = 1 consist of a particular 
case of the solution given in the appendix B for the U q [sl(2\2)^] vertex model. 



Solution A/5: 



The family A/5 is acceptable by the vertex model [/g[s£(3|2m)( 2 )] and it is characterized by a K 
matrix of the form 

/fcl,l(x)I mX m O mX 3 ®mxm \ 

k m +i,m+i(x) k m+ i^ m+ 2{x) k m+ i^ m+3 {x) 
K (x) = 3xm k m+2 , m +i(x) k m+2 ,m+2(x) k m+2 , m +3 (x) ©3xm • (42) 

k m +3,m+i(x) k m+ ^ m+ 2(x) k m+ ^ m+3 (x) 



\ 



"mx3 



kN,N(x)I mxm / 



The non-diagonal matrix elements are given by the expressions 

k m +l,m+2{x) = £l m+ \ jm+ 2G(x) k m+ 2, m +l{x) = Q m+ 2,m+lG(x) 

k m+3tm+ 2(x) = n m+3 , m+ 2xG(x) k m+ 2,m+z{x) = 9, m +2,m+3xG(x) (43) 

k m+ i, m+ 3{x) = n m+ i, m+3 G(x)H b (x) k m+3tm+1 (x) = n m+ ^ m+1 G(x)H b (x) 

where Hh(x) = q ^^^ and G{x) = x — 1. In their turn the above parameters f2 Qj/ 3 are constrained 
by the relations 



^m+2,ra+3 


— — IKq "m+l,m+2 




^m+3,m+2 


= — iKq m ~ 1 ft m+ 2, m +l 




^TO+3,TO+1 


— i'm+l,m+3 n 

V'm+l,m+2 / 
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(44) 



and 



m+2,m+l 



IKq 



m+l,m+2 



m+l,m+3 



m+l,m+2 



(g + 1) fim+i.m+3 + m)(^-3/2 _ iK ) 



The diagonal entries are then given by 



ki,i(x) = 



x 2 -l 



iK (xq^ m ~^ - 1) 
^ n m-l ' 



1__ _jU q ^m+l,m+3 

x(x + l) iW2 ' m+1 n m+ i, m+2 

. G(x) 



G{x)H b { 



x 



^m+l,ra+3 X + 1 



^m+l,m+l( a:; ) — 



2 iK (gg^_+l) On+Vn+3 

(X + 1) ' Ww iww 



G{x)H b (x) 



,-„„m-l ^+l,m+2 

i'm+l,m+3 £ + 1 



&m+2,m+2(z) = k m+hm+1 (x) + (O m+ 2,m+2 ~ ^m+l,m+l) G(x) + A(x) 
fem+3,m+3(a;) = km+2,m+2(x) + (^m+3,m+3 ~ ^m+2,m+2) xG(x) + Kt/(A( 

kN,N(x) = x 2 k 1A (x) 



where 



» / \ _ g m 1 (x — l) 2 n m+ 2, m +l^ m +l,m+3 

and the parameters ^ m +i,m+i > ^m+2,m+2 and ^ m +3,m.+3 are fixed by the relations 

q ^K q ^m+l,m+3 



2iK .,,„ m -l fl i+l,m+2 

, _ o :„ n m-ln ^m+l,m+3 

•m+3,m+3 — £ ~ IKq lim+2,m+l7j • 

"m+l,m+2 



i'm+l,m+2 

The solution A/5 possess two free parameters namely f2 m+ i jm+ 2 and £l m +i,m+3- 
• Solution A/^: 

The solution N§ is admitted for the U q [sl(A\2m)^] models with the following JT-matrix 



K~{x) = 
/ fci,i(a;)I, 



mxm 



Vmxm 



V 



4xm 



"mxr/i 



k m +l,m+l(x) k m+ i^ m+ 2{x) k m+ i t . m+ s(x) k m+ i jTn+ 4(x) 
k m +2,m+l{x) k m+ 2,rn+2{%) k m+ 2 >m +3{x) k m+ 2, m +i{x) 
k m +3,m+l(x) k m+3tm+ 2(x) /c m+3jm+3 (x) /c m +3,m+4 (x) 

(*) 



o 4xm 

A;at,at(x)I 
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The non-diagonal elements are all grouped in the 4x4 central block matrix. With respect to this 
central block, the entries of the secondary diagonal are given by 



»-m+l,m+4 



(x) = (x- 



m+l,m+4 



k m +2,m+3(x) — — 



n 



m+2,rn+l 



^771+1,771+4 (a? — 1) 



k 



: m+3,m+2 



(X) = 



^771+1,771+2 
q 2 ^m+l,rn+2^m 



C n 



m+2,77i+l^m+l,m+4 



-(x-1) 



(50) 



a 2 r 2 



C ^ra+l,77i+4 

and the remaining non-diagonal elements can be written as 



(x-1), 



k m +i, m +3(x) 



^01+1,171+2^1 (x) 
^m+l,m+3G 2 {x) 



k m +2 ,771+1 

(x) = Q m +2 ,m+l 

Gi(x) 

k m +3,m+l{x) = 



q 2 ^ m+ i jm+ 2^l m +l,m+3^m 



C a 



m+2,m+l ^m+l,m+4 



G 2 (x) 



^m+4,m+2(^) — ~ 



q 2 ^l m +\- m +2^rn 



TTl+1, 771+4 



xGi(x) 



k 



m+3,m+4 



where 



(x) = - 



9 ^m+l, m-\-2^"m+l,m+3^m 



c 



m+l,m+4 ^Tn+2,771+1 



xG 2 {x) k m+ ^ m+3 (x) = - 



C ^771+1,771+4 



xG 2 {x), 
(51) 



Gi(x) = 
G 2 (x) = 



C-q 2 x 



+ 



n 



m+l,m+3l m 



(7 2 (x — 1) ^771+2,771+1^777+1,771+4 
C — q 2 X C^77l+2,77l+1^771+l,771+4 



x-1 



^m+l,m+3^ m 



q 2 (x-l) 2 
( — q 2 x 2 
(x - l) 2 
C — q 2 x 2 



and 



_ ^771+1,771+2^ 771+1,771+3 . 
1 m — ~ + 



^771+1,771+4 Q 2 — C 



(52) 



(53) 



In their turn the diagonal entries are given by the following expressions 

Q — q 2 X I" ^771+1. 771-4-2^7 



ki,i(x) 



+ 



+ 



%i+l,77i+2a ^m+2,7ra+l 

(x + l)(C-g 2 x 2 ) | ' T m 

^771+1,771+2^771+1,771 +3 ( ^ ^771+1, 771+3 ^V, 
C^771+l, 771+4 

2 (C - q 2 x 2 ) 
x(x 2 -l)(C-g 2 ) 



^771+1,771+4^771+2,771+1 



+ 



(C + q 2 x 2 ) 



(x-1) 



k m +i,m+i(x) = h,i(x) - T m Gi(x) + Ai(x) 

k m +2,m+2{x) = &77i+l,77i+l (#) + (^m+2,771+2 + r m )Gi(x) 

^771+3,771+3(2;) = k m+2 ,m+2{x) + A 2 (x) 

^771+4,771+4(2?) = k rn+ 3. m+ 3{x) + (O m+ 4 )m+ 4 — O m+ 3 )m , + 3)xG2(x) 

kN,N(x) = X 2 /Ci,i(x) 



(54) 
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where 

r m (^m^m+l,m+3Q 2 X + C^m+l,m+4^m+2,m+l) (x — l) 2 



Ai(ar) = 
A 2 (x) = 



^m+l,m+4^m+2,m+l z(C ~ <? 2 ^ 2 ) 

(<ffim+2,m+l^m+l,m+4 ~ ff 2 ^m+l,m+3 r m) x(( - q 2 )(x - 1) 
r m^m+l,m+4^m+2,m+l C(C ~ ^ 2 ) 

(55) 



The variables £l a ,a are given in terms of the free parameters fi m +i,m+2 j ^m+2,m+i j ^m+i,rri+3 an d 
^m+i,m+4 through the relations 

2£ ^m+l,m+2^m+2,m+l 

"m+2,m+2 - > _ o F 

S H 1 m 

n 2^ g 2 r m n m+ i im+ 2ri 2 re+lm+ 3 

"m+3,m+3 - > 3 ~ ^2 i bb i 



m+4,m+4 



2C ? 2 ^m+l,m+2^m+l,m+3 



Solution A/7: 



The vertex model f7 9 [s/(2n|2m)( 2 )] admits the solution A/7 for n > 3, whose K-matrix has 
the following block structure 

f A;i i i(x)I mX m O mX 2n Omxm \ 

&m+l,m+l (#) ""■ km+l,2n+m{ x ) 

K~{x)= 2n xm : '■. : 2 „ xm • (57) 

^2n+ra,m+l (x) ■■■ k2n+m,2n+rn(x) 
V ©mxm ®mx2n kN,N(x)I mxm / 

The central block matrix cluster all non-diagonal elements different from zero. Concerning 
that central block, we have the following expressions determining entries of the borders, 



k a ,2n+m(x) = -j=q ta tm+i n m+1 ^xG(x) 



a = m + 2,...,2n + m— 1 



AfcW*) = l^-W 2 !^W lG(l ) o = m + 2 J ...,2n + m-l 



k a , m +l(x) = q 
fc m +l,a(x) = Q m +l,aG(x) 



ta-tm+2 ^m+2,m+l^m+l,q' 
^m+l,2n+m— 1 



a = m + 3, . . . , 2n + m — 1 

a = m + 2, . . . , 2n + m - 1 (58) 



with G(x) = x — 1. The entries of the secondary diagonal are given by 

' ^l m +i,2n+ m G(x)H b (x) a = m+l 



ka,a'{ x ) — < 



„2n-2 



J-m+l— t a l 



4 , — — — — &{x)H b (x) a = m + 2,...,2n + m — l 

S V 9+1 / "m+l,2n+m 

gta^-i-Wa ^ +2 f +1 ^ m+1 ' 2 " +m G(x)ff b (x) a = 2n + m 



14 m+l,2n+m-l 



(59) 
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with H b (x) = and the remaining non-diagonal elements are determined by the expression 



kaA X ) = < 



-ia tm-\-l 



A 



•m+l ,2n+m 



l J a -t m +i ( Q + K VC\ ^m+j 2 a^Wl^ 



c 



q + l 



n 



■m+l,2n+m 



-xG(x) 



a < , m + l<a,(3<2n + m 
a > , m + l<a,[3<2n + m 



(-1)^(1 + g y 



n 



m+l,2ji+m 



G(x) 



(i - K ^C) {q n - (-^^r 1 - (-i) n «V£)(« + n m+hm+n+1 

a = m + 1 , /3 = m + n 



(1 - K^C) " (-l^/VCX^- 1 " (-l) n «VC) fWl,m+2n 



In their turn the diagonal entries k a ^ a (x) are given by 



k lt i(x) + T n (x) 



1) h kVC J \ q n ~ l - (-l) n «VC / z(x + 1) 



a = m + 2 , (3 = m + 1 
(60) 



a = 1 

a = m + 1 



m+l(^) + (fia,a ~ ^m+l,m+l) 
kn+rn,n+m ) 

kn+m,n+m "I - (^a,a ^n+m,ri+m) sG(x) 
, X 2 /C l5 i(x) 



a = to + 2, . . . , m + n 
a = n + m + 1 
a = n + m, + 2, . . . , 2n + m 
a = iV 



where 



r„(x) 



2C(gx + «VC) 



G(x) 



(i - «VC)(<z n - (-l)-^)^- 1 - (-i) n «VC) x 

The diagonal parameters £l a ,a are then fixed by the relations 



(61) 
(62) 



a 





2C(? + "V£) 




a 


= m + 1 




a 


(-l)n Kv ^)(gn-l_ 
-m-2 






^m+l,m+l + A n 






a 


= m + 2, 


n + m 


^n+m,n+m 


fc=0 




a 


= n + m + 1 






a— ra— m- 












-1)>— 1 A n ^ 


(-9) fc 


a 


= n + m + 2, 


. . . , 2n + m 



fc=0 



and the auxiliary parameter A n is given by 



A, 



2CU + 



(i - Ky/Q(<r - {-i) n ^VC){q n ~ l - (-i) n «V£)' 

Besides the above relations the following constraints should also holds 

^m+l , 2n+m— a 



(63) 



(64) 



m+l,m+» 



-0 



m+l,a+m+l ' 



Q 

1 'm+l,2n+m+l— q 

and n m+ i ; ,2n+ m are regarded as free parameters. 



a = 2, . . . , n — 1, 



(65) 
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Solution Ms' 



K~{x) 



(66) 



For n > 2 the vertex model U q [sl <y2 \2n + l\2m)\ admits the family of solutions Ms whose iT-matrix 
is of the form 

/k^i(x)I mxm O mx ( 2n+ i) Omxm \ 

(x) 

G>(2n+l)xm : '•• : 0(2n+l)xm 

k2n+m+l,m+l(x) ••• k2n+m+l+,2n+m+l{x) 
\ Omxm O m x(2ii+l) %,Af(^)Imxm/ 

In the central block matrix we find all non-diagonal elements different from zero similarly to the 
structure of the solution A/7. The borders of the central block are then determined by the following 
expressions 



k a ,2n+m+l{x) 
k2n+m+l,a(x) 
ka,m+l i x ) 



k 



m+l,a 



(X) 



+1 ^m+l,a'xG(x) 



si m+l,2ra+m 



q 



t a —tm+2 ^™+2,m+l^m+l,Q' 



n 



m+l,2n+m 



G{x) 



m+l,a 



G(x) 



a = m + 2, . . . , 2n + m 

a = m + 2, . . . , 2n + m 

a = m + 3, . . . , 2n + m 

a = m + 2, . . . , 2n + m (67) 



recalling that re = ±1 and G(x) = x — 1. The secondary diagonal elements are given by 

a = m + 1 



' Qm+l,2n+m+lG(x)H b (x) 
,2n-l 



^a,a'( 2 ') — * 



' * ( gj^ffi 2 ^ +1 ' Q/ G(x)H b (x) 



c 



q + l 



^m+l,2n+m+l 
g t 2n+m - W2 ^ + 2,m+l^Wl,2n + m + l 
^m+l,2n+m 



a = m + 2, . . . , 2n + m 
a = 2n + m + 1 

(68) 



where H b (x) = 

The remaining non-diagonal entries are determined by 

' ^-W. ( i±M) |il^ GW «</?', m + 2< a, /3<2n + m 

VC V 9 + 1 / "m+l,2n+m+l 

<? + K V( \ pm+l,a'fim+l,|3 

c" 

(-I)V 



a> ft , m + 2<a,(3<2n + m 

m+l,2n+m+l 

n „2m- 2n ^m+l,n+m^m+l,rt+m+2^m+l,2ra+r 



9 + 1 

i K (-l)n g m-l (g+1)n 2 t+liW+m+1 
(g m_ l -ire(-l) n ) 2 ^m+l,rt+m+2 

2re(-ir(g + l) 2 VC 



-xG(x) 



"m+l,2n+m+l 



m+l,2n+m+l 



_ j/e(-l)»)2(l - «VC)0? + f Wl,m+n+2 



-G(x) 
a = m + 2 , (3 = m + 1 



G(x) 

a = m + 1 , /3 = m + n 
(69) 
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while the diagonal matrix elements are given by the relations 



2(x - K^C)(xq m ~i - j K (-l) n ) 2 

x(x 2 - 1)(1 - Ky/C){q m -^ - iK{-l) n ) 2 

_ iq^jl + q 2m - 1 x)(g + Ky/£)(x - k^) 

s/(x{x + l)(q + \){q m -^ - i K (-l) n ) 2 
k 1A (x)+F(x) 



G(x) 



a = 1 

a = m + 1 

a = m + 2, . . . , m + n 
a = n + m + 1 



&m+l,m+lO c ) + {^a,a ^m+l,m+l 

)G(x) 

^m+l.m+ll^) + (^n+m+l,n+m+l — ^m+l,m+l 

) G(x) + A(x) 

fcn+m+l,n+m+l 

(x) + {£l n +m+2,n+m+2 ~ ^„ +m+ i in+m+ i) lG(x) + Ky/£A(x) 

a = n + m + 2 

fea-i,a-i(x) + (fi a ,a - ^a-i,a-i) xG(x) a = n + m + 3, . . . , 2n + m + 1 

,x 2 fcn(x) a = iV 

(70) 



The auxiliary functions A(x) and T(x) are 
A(x) = q 



2m— n— 1 ^m+l,n+m^m+l,rt+m+2 ^ -,^2 

(q + l) 2 ft m+ l ,2n+m+l 



Kx-1) 5 



(nVCx(q + l) 2 ) ^m+l,2ra+m+l 

and the parameters VL m+ \^ m+a are constrained by the recurrence formula 

^m+l,a+m+l^m+l,2n+m+l— a 



n 



m+l,a+m 



a = 2, . . . , n — 1. 



^m+l,2n+m+2-o; 

In their turn the diagonal parameters Q. a ^ a are fixed by 



(71) 
(72) 

(73) 



^n-m+± + iK ^ q m-\ _ i/c (_l)n)2 ( g + - »k(-1)")2 ^m+l,2n+m+l 

a = m + 1 

a— m— 2 

a = m + 2, . . . ,n + m 
2iK(-l) n 



^to+i,to+i + Qn,m (~q) k 

k=0 

( g m-l _ iKg 2m-«-|)( g n _ ^ +ljn+m+1 



(9 + l)(g m "5 - m(-l) n ) ^m+l,2n+m+l (g m ~f - i K (-l) n ) 



O _ /i 2m 

J 'n+m+l,n+m+l H 



+9 



n-l ( 1 + K V£ \ ^m+l,n+m^m+l,ra+m+2 
V 9+1 ) ' <-> 
, n :;'/ + K \/C n m+l,n+m+l 



m+l,2n+m+l 



9+1 ^m+i,2n+m+l 
^n+m+2,n+m+2 



a = n + m + 1 



a = n + m + 2 



a— n— m— 3 



fe=0 



a = ra + m + 3, . . . ,2n + m + 1 

(74) 



where 



Qn,r, 



2(9 + 1) 



1 „• „fi— 1 

m+l,n+m+l f7C\ 

_ r iq j 77 • \'"J 

(ny/£ - l)(g m "2 - w{-l) n ) 2 VC(q m -2 ~ iK(-l)") 2 "m+l,2n+m+l 
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This solution has altogether n + 1 free parameters corresponding to the set of variables 

^m+l,ra+m+l) • • • j ^m+l,2ra+m+l • 



Solution A/g: 



The family A/9 consist of a solution of the reflection equation where all entries of the if-matrix 
are non-null. This solution is admitted only by the U q [sl{\\2m)^\ vertex model. The associated 
K-matrix is of the general form (jlip and the matrix elements of the borders are mainly given by 



K,n{x) 
k a i{x) 



k e r 



^ q t°-^n hQlX G(x) 



— q to 
£2 



^1JV-1 



V(. e 2 "1JV-1 



fei )Q! (a;) 



f2i )Q ,G(x) 



a = 2,...,iV-l 

a = 3,...,iV- 1 

a = 2,...,JV-l 
a = 2, ...,N- 1. 



(76) 



The secondary diagonal is characterized by entries of the form 

' n 1>N G(x)H f (x) a = l 

-G(x)Hf(x) a = 2,...,m and 

o = m + 2, ...,JV-1 

a = N 



+ 1 J n ltN 

^■2 



(77) 



(■2 



where G{x) = x — 1 and Hf(x) 



by 



IJV-l 

1 - K<?VC' 



and the remaining non-diagonal elements are given 



k e 



1 - K<7\/C\ ^l,a'^l,/3 



G(x) 



l,m+l 



g + 1 / fti,jv 
G(x) 



(g - 1) ^i, m+2 
i 2 (gi+m(-ir)(g m -5+m)( K gVC-l) 

"2 0l ' m+1 (^-1) (^-^(-Ijm) ^ 



a</3', 2 < a, /3 < TV - 1 
a > , 2 <a,p < N -1 
a = 1 , (3 = m 



(78) 



q \rrn-) n hm+1 



m+2 



a = 1 , /3 = iV 
a = 2 , /3 = 1 
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In their turn the diagonal entries k a ^ a {x) are given by the following expression 



ka,a(.x) 



2x 



n 



m+l,m+l 
X + 1 



G(x) 



T(x) 



ki,i(x) + tl a , a G(x) 

k lt i(x) + Vt m+1 ^ m+1 G{x) + T(x) 

k m+1;m+1 (x) + (ft m +2,m+2 ~ fWi,m+i) xG(x) + inq^~ m T{x) 

, k a -i, a -i(x) + {Qa t a - Q a -l, a -l) xG(x) 



where the auxiliary function T(x) is given by 

v = q m (x - 1) 2 (*WC - 1) »l,m»l,m+2 
(g+1) 2 ^l,2m+l 

The parameters f2i Q are constrained by the recurrence relation 



a = 1 

q = 2, . . . , m 
a = m + 1 
a = m + 2 
a = m + 3, . . 



^l,Q — — " 



n 



l,a+l^l,2m+l-Q 
TP 



l,2m+2-a 



a = 2, . . . , m — 1 



while £l a ,a are fixed by 

a-2 



fc=0 



m,m 



a— m— 3 



O m+ 2 !m+2 + (-l) m g m - 1 K^CQ m £ (-V 



fc=0 



a = 2, . . . , m 

a = m + 1 
a = m + 2 

a = m + 3, . . . ,N — 1 

a = TV 



where 



Q m = 2m(-l)"Y 
<5i = -2- 



■i (g + l)(Vg-^(-l) m ) 
(q m ~h +in)(qi +in{-l) m ) 
(q m+ ^ + 2inq + ire) 



<5 2 



(y^ + iK(-l) m )(q2 + iK{-l) m )(q m ~2 + i K ) 



(<?5 +m(-l) m )(g m_ 2 + i/e) 
In this solution the have a total amount of m free parameters, namely ^i, m +i, . . . , ^i,2m- 



.,iV 
(79) 



(80) 



(81) 



(82) 



(83) 



• Solution A/io= 

The series of solutions A/io is valid for the U q [sl(2\2m)^] model and the corresponding K- 
matrix also possess all entries different from zero. In the first and last columns, the matrix elements 
are mainly given by 

K^x) = ^q^^^G(x) a = 3,...,N-l 

k a , N {x) = -^^q^Q^xGix) a = 2,...,N-l (84) 
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while the ones in the first and last rows are respectively 



ki >a (x) = Qi >a G(x) 

VC e 2 "1,JV-1 



a = 2,... ,N- 1 
a = 2,...,JV-l 



(85) 



with = x — 1. 

In the secondary diagonal we have the following expression determining the matrix elements 

a = 1 

-G(x)Hf(x) a = 2,...,m and 

a = m + 3, . . . ,N — 1 



f n^ N G{x)H f {x) 



&a,a'( a ') ~~ * 



g*l *a' I I _ 



gfa-Vil ll " Kq ^ ){q + KV ~ ^G{x)H b {x) 



(q 2 ~ 1) 



I £ 2 



recalling that 



12 l,iV-l 



X ) 



a = m + l,m + 2 

a = iV 



(86) 



and Hf(x) 



x - Kq^/C, 



In their turn the other non-diagonal entries satisfy the relation 



(87) 



k a ,p(x) 



C^i 9 V <? + i ; ni,£ 



^ _ + 1 ^l,m+l^l,m+2 



9 - 1 ^l, 



a < /?' , 2 < a, /3 < iV - 1 
«>/?', 2 < a, /3 < TV - 1 
a = 2 , (0=1 
a = 1 , (3 = m 



m+3 



^l,2m+2 



(1 + iK(-l)m)( g + i/c (_l)m)(l _ « gv ^)(l + K ^C) ^l,m+2 



G(x) 



a = 1 , (3 = m + 1 



and the parameters are required to satisfy the recurrence formula 

,N—a 



n 



^l,JV-a+l 

Considering now the diagonal entries, they are given by 

1x f^m+l,m+l \ 



a = 2, . . . , m — 1. 



(89) 



fci,i(x) + Q a!a G(x) 

k a , a (x) = <( fc m+ i ;m+ i(x) 

k m+ l, m+ l(x) + (n QjQ - fi m +l, m+ l) xG(x) 



a = 1 

a = 2, . . . , m + 1 
a = m + 2 

a = m + 3, . . . ,N — 1 

a = AT 



(90) 
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where the parameters are determined by the expressions 

a-2 



with 



fc=o 



A 



+ (-iy 



i 



i 



q+l v ~' q m ~ 2 (q + l) 2 

l,m+l + IK>A 



(q + l) 2 ' y ~' q+l 
2q- 1 (q + l) 2 



(1 - m(-l) m )(q + w(-l) m ){l + Ky ft) ' 
This solution has altogether m + 1 free parameters, namely Qi m _|-2, • • • , ^i,jv- 



a = 2, . . . , m 

a = m + 1, m + 2 

(91) 

a = m + 3, . . . , N — 1 

(92) 



Solution A/i 



ii- 



The class of solutions N\\ is valid for the vertex model U q [sl(2n\2)^] and the corresponding K- 
matrix contains only non-null entries. The border elements are mainly given by the following 
expressions 



k Q)N (x) 
k a i[x) 



l,a' 



G(x) 



£2 ^1,AT-1 

VC £ 2 »*1,JV-1 

f2i )Q G(x) 



a = 2,...,JV-l 
a = 3,...,JV-l 



a = 2,...,N -1 
a = 2,...,iV- 1 



fel,a(x) 

with G(x) = x — 1. 

The secondary diagonal is constituted by elements k a ^ a i (x) given by 

' n ltN G(x)H f (x) a = 1 

a = 2, ...,N- 1 



(93) 



e a > (q z - 1) il ljN 



(94) 



a = N 



-±-^±G{x)H f {x) 

. £ 2 U 1,N-1 

where the functions H^x) and Hf(x) were already given in (|87p . The remaining non-diagonal 
entries are determined by the expression 



fca,/3 0*0 



k e 



1 — K9\/CA ^l,a'^ 



C ei \ q-1 J Oi,jv 



C(</ 2 - 1) n?, w 

2n(q 2 - l){-q) n - 1 



G(x) 



a<(3' , 2<a,(3<N-l 
a> f3' , 2<a,(3<N-l 
a = 2 , (3 = 1 



1JV 



{ (1 + iK(-l) n )(q + ZkC-I)")^ -1 + »«)(«" + *«) «l,n+2 



G(x) a = 1 , /3 = n + 1 

(95) 
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and the parameters £li t0 > are required to satisfy 

„ ^l,a+l^l,JV-a 

"l,a — o 

"l.AT+l-a 

With respect to the diagonal entries, they are given by 

2x ^n+l,ra+l 



a = 2, . . . ,n. 



(96) 



1 



.X + 1 



G(x) 



fci,i(x) + fi a , Q G(a;) 

fen+l,n+l(x) 

fcn+l,n+l(a;) + (^a,a ~ ^ra+l,n+l) ^G(x) 

, x 2 /ci ; i(x) 

and the parameters £l a ^ a are fixed by the relations 
' -2(-l) Q+n [g"- 1 + g Q ~ 2 - - 1)] 



(1 - ire(-l) n )(g + ire(-l) n )(ire + g™" 1 ) 

^n+l,ra+l 

a— n— 3 

^n+l,ra+l + A n (~l) k 
k=0 



where 



A, 



a = 1 

a = 2, . . . , n + 1 
a = n + 2 

a = n + 3, . . . , N — 1 

a = iV 

a = 2, . . . , n + 1 
a = n + 2 



(97) 



a 



(1 + ire(-l) n )(g + iK(-l) ri )( ( f 1 - 1 + ire) ' 
The variables £li >n +2, ■ • • , ^i,jv give us a total amount of n + 1 free parameters. 



n + 3,...,N- 1 
(98) 

(99) 



• Solution A/12: 

The solution A/12 also does not contain null entries and it is valid for the U q [sl(2n+1\2)^] ver- 
tex model. Considering first the non-diagonal entries, we have the following expression determining 
border elements, 



k a ,N(x) 



£2 s*l,JV-l 

«_£iV t N -t 2 ^2,l^l,q 



kN,a(x) = 7= 

fci )Q (x) = ni )Q G(z) 



1,JV-1 



xG(x) 



and the following one for the entries of the secondary diagonal 
(n liN G(x)H f (x) 



{q2 2 1} 



n 



-G(x)H b (x) 



(■2 



jjs-^G{x)H f {x) 



a = 2,...,N -1 

a = 3,...,JV-l 

a = 2, ...,JV-1 

a = 2,...,7V-l, (100) 



a = 1 



a = 2, ... , N - 1 , a/ 



a = N, 



N-l 



(101) 
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with Hb(x) and Hf(x) given in (|87j) . The remaining non-diagonal entries are determined by 



k e a 

1 € a 



g - 1 / Hi jv 



(-l) n (l - Atg^/C) 2 ni, n +l^l,n+3^1,Ar-l s 

C(? 2 - 1) nl N G[x) 

2K(-irq n - 1 2(q-l)(^q-i K (-l) n ) Q 1>N 
(1 - " kqVZ)(VQ + ««(-l) n ) ^l,n+3 

m(-ir(^-m(-i)")^ n+2 i 

and the following recurrence formula should also holds 

^l,a + l^l,7V-« 



a < , 2<a,P<N-l 
a> , 2<a,(3<N - 1 
a = 2 , = 1 



(102) 



a = 1 , /3 = n + 1, 







La 



a = 2, . . . , n. 



^l,JV+l-a 

With regard to the diagonal entries, they are given by 

(^ri) " T^TTT J ( } (x 2 - 1) A(x) 

^1,1 ( x ) + ^a,aG(l) 

fei,i(x) + O n+ 2,„ +2 G(x) + A(x) 

^n+2,n+2(2;) + (O n +3,n+3 ~ ^n+2,n+2) ^G(l) + Ky/(A( 
kn+3,n+3(x) + (fi a ,a - ^^+3^+3) xG(x) 

k x 2 /ci i i(x) 



(103) 



a = 1 

a = 2, . . . , n + 1 

a = n + 2 
.;• ) a = n + 3 

a = n + 4,...,JV-l 
a = iV 



where 



A(x) = i^-i^^Vti^ - l)G(x). 



(g 2 - 1) 1)iV 
In their turn the parameters f2 aiQ . are fixed by the following expression 

f (-l) a Qn [q a - 2 (q + l) + (-ini-q)] 

2 2iK^/q(-l) n (q - l) 2 {q n ~ l + (-l) n ) 

9+1 ( g n-s +j /s )(g2_l)(^ + f lc (_l)n) 

i(g 3 + l)(q n ~\ - in)(q n+1 2 + in) Sl\ n+2 



(104) 
(105) 



a = 2, . . . , n + 1 



g "-5(g2 _ l)(gl _i K (_l)n)(^/g + i K (_l)n) fil.JV 

2 - iK^qQ n [q n - q n ~ l + (-l) n+1 (q + 1)] 

a— n— 4 



(-l)^(? + l) 2 Q„ £ 



^n+3,n+3 _ ^ K 

and the auxiliary parameter Q n is given by 

2 



a = n + 2 (106) 
a = n + 3 
a = n + 4, ...,N-1 



k=0 



Q, 



i(l - Kqy/£) 



O 2 



(l-/t v / C)(^ + i K (-l)«) 2 g «-^( g _l)(^ + i K (_l)n)2 n 1; 

This solution possess n + 2 free parameters, namely fii n +2, • • • , ^i,tv- 



(107) 
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4 Concluding Remarks 

In this work we have presented the general set of regular solutions of the graded reflection equation 
for the U q [sl{r\2m)W] vertex model. Our findings can be summarized into four classes of diagonal 
solutions and twelve classes of non-diagonal ones. These results pave the way to construct, solve and 
study physical properties of the underlying quantum spin chains with open boundaries, generalizing 
the previous efforts made for the case of periodic boundary conditions |29(, 130] . 

Although we expect that the Algebraic Bethe Ansatz solution of the models constructed 
from the diagonal solutions presented here can be obtained by adapting the results of [33J, the 
algebraic-functional method presented in [34J may be a possibility to treat the non-diagonal cases. 

For further research, an interesting possibility would be the investigation of soliton non- 
preserving boundary conditions |26} [35] for quantum spin chains based on g-deformed Lie algebras 
and super algebras, which could also be performed by adapting the method described in [21]. We 
expect the results presented here to motivate further developments on the subject of integrable open 
boundaries for vertex models based on (/-deformed Lie superalgebras. In particular, the classification 
of the solutions of the graded reflection equation for others g-deformed Lie superalgebras, which 
we hope to report in a future work. 
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Appendix A: The U q [sl(l\2)^} case 



The reflection equation associated with the £/g[sZ(l|2)( 2 )] vertex model admits more general solutions 
than the corresponding ones obtained from the general series presented in the section 3. In this case 
the reflection matrices were previously studied in |36j and we have obtained the following solutions 



Q(a:~ 1 -l)+2 



K~[x) 







n(x-i)+2 
1 



\ 



n n flx(xq+l) — 2x 

\ U U n(x+q)-2x / 



(A.l) 



K~(x) 



1 









U(x+q) 

n(x 2 -i) 



x 2 q+l 



\ 



2q{x 2 -l) 

' n(q+i) 2 



2 \ 



2 



9+1 

X Z j 

where is a free parameter. 

In addition to the solutions (|A. 1[) and (|A.2|) we also have a solution in the general form 



(A.2) 



K-(x) = 

The diagonal entries are then given by 
2(x + q)(x- 1) 



k 2 ,i(x) k 2<2 (x) k 2 ,3(x) 
\k3,i(x) k 3>2 (x) k 3j3 (x)J 



(A.3) 



h,i(x) 



(Ql >2 + i^Vt 2y 



[q(x - 1)0 2)3 - i^(x + q)^i, 2 ] (x - 1) 



(x 2 + q)(x 2 -l) K L ' A yH (q-l)(x + l)(q + x 2 ) 

[{q + 1)(V^2,3 + ^1,2)01,3^2,1 - 2^1,2^2,3] (X - 1) 



n 



1,3 



k 2 , 2 {x) 



-xkn(x) + 



yfq{x + l){q + x 2 ) 
2x 



5i l,2 



(<? + X 2 



g + x + iy 7 ^ ~~ !) 







2.3 



i^/g(x 2 - 1) +x(q + 1) 







2,3 







1,2 



Ol )2 

^2,1 Ol,3(^ ~ 1) 

Oi, 2 (g + x 2 ) 



^3,3(a;) = x 2 k lt i(x) + 



3 ,3 - 2 + i 



^/q{x - l)(x - q) 2 2 - n|. 



- 1)(<7 + x 2 ) 
and the remaining elements can be written as 
(q + x)Oi, 2 + i(x - 1)^^2,3 



1,3 



x(x — 1), 



(A.4) 



^1,2(2;) 
k 2 ,i(x) 

fo, 2 (x) 



q + x 2 

(q + x)0 2 ,i + ^ ~ 1)^^3,2 
g + x 2 

(<? + x)0 3i2 + i(x - l)^/qn 2<1 



(x - 1) h j3 (x) = Oi j3 (x - 1) 

(x - 1) Ms) = (g + X) " 2 ' 3 + ^ 2 " 1) ^ 1 ' 2 ^ - 1) 



q + x l 



x(x-l) k 3tl (x) = ft 3jl (x - 1). 



q + x z 

This solution has altogether three free parameters ^1,2,0^3 and ^2,1 and the remaining variables 
O a / 3 are determined by 

2 ,i 



(A.5) 



g-10i3 .<?-l n Of 3 

"23 = — 2 ^ 1 "2 1 — tt~ 

g + 10i, 2 ^ 2,1 tt 2 2 







39 — 02,3 



n 



1.2 
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n 



3,3 



2 + i- 



o 2 

"1,2 



n 



3,1 



o 2 

"2,1 



1.3 



1.3 



(A.6) 



Appendix B: The f/ g [s/(2|2)^] case 



The set of if-matrices associated with the £/g[s£(2|2)( 2 )] vertex model includes both diagonal and 
non-diagonal solutions. The solutions intrinsically diagonal contain only one free parameter f2 and 
they are given by 



/ x 



-i 



K~(x) 



n(x-i)+2 
'n(x-i)-2x 



n(x+q 2 )-2x 
0(xq 2 +l)-2 



\ 



x) 



and 



K~(x) 



( x 



V 



-1 



n(x-i)+2 

' U(x-l)-2x 



n(x-i)+2 

'Q(x-l)-2x 



' n(x-i)+2 ' 




~ n{xq 2 + l)-2~ 


Q(x-l)-2x 




n(x+q 2 )-2x 



X ) 



We have also found the following non-diagonal solutions 



R-(x) 



1 






(x 2 - 1) 



K~(x) 



Ol(ni-2) (J2 
2Q 2 
fl 1 (x 2 -l)~2x 
2x 





^(x 2 -l) + l 









x 



n 2 



1) +x 2 



x ■ 







f(x 2 -l) 



^>(x 2 -l) 




x 







V |[^i(x 2 - 1) + 2]/ 

containing two free parameters f^i and fl 2 , and one solution in the form 

/kx,i(x) h }2 (x) ki )3 (x) k 1A (x)\ 

k 2 ,i(x) k 2<2 (x) k 2>3 (x) k 2A (x) 

K (x) = 

h,x{x) fo i2 (x) /c 3i3 (x) k 3A (x) 

\/c 4j i(x) k^ 2 {x) k A ; A {x) h A (x) J 

Concerning the solution (|B.5jl . the diagonal entries are given by 

' xq — in 



fei,i(x) 

^3,3 (x) 



q — ik 
x + inq\ 
1 + inq J 



, . x + mq\ 

k 2)2 {x) = x ( - ; — 1 



h A (x) 



1 + inq 
2 1 xq — in 
r — in 



(B.l) 



(B.2) 



(B.3) 



(B.4) 



(B.5) 



(B.6) 
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while the non-diagonal entries are given by the following expressions, 



2^i q 2 + 1 
(x 2 - 1) 



fil 2 



n 2 x-inq 2 



■(x 2 -l) 



l g 2 -i 

'2fii (q-in) 2 

1^2 9^ + g 2 — 1 2 



2f2 2 q + in (q — in) 2 



2^i q 2 + 1" 

where n = ±1 and J7i and ^2 are free parameters. 



/c 2 ,i(x) 



Oi q + in 2 

(x -1) 



^2,3 (») = -« 



fe 2 ,4(x) 

/c 4j i(x) 



2O2 q — in 
fli {qx + in)(q + in) , 2 



- 1 



^1/2 i\ 
-K — x(x -1) 

1 x — ( q + in 



2^2 1 — *K(Z \q — in 



(x 2 - 1) 



fc 42 (x) = K 



1 



2^i (q - in) 2 



x(x 2 - 1) 



Ql q + lK -x(x 2 -l), 



20,2 q — in 



(B.7) 
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